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Abstract. We study gravitational lensing of the cosmic neutrino background. This signal
is undetectable for the foreseeable future, but there is a rich trove of information available.
At least some of the neutrinos from the early universe will be non-relativistic today, with a
closer surface of last scattering (compared to the cosmic microwave background) and with
larger angles of deflection. Lensing of massive neutrinos is strongly chromatic: both the
amplitude of lensing and the cosmic time at which the potential is traversed depend on
neutrino momentum, in principle giving access to our entire causal volume, not restricted
to the light cone. As a concrete example, we focus on the case where the cosmic neutrino
background would be strongly lensed when passing through halos of galaxy clusters and
galaxies. We calculate the Einstein radius for cosmic neutrinos and investigate the impact of
neutrino mass.
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1 Introduction

In the usual thermal history of the early universe, cosmic neutrinos, also known as relic neutri-
nos, decouple just seconds after the Big Bang [1]. These neutrinos tremendously outnumber
baryons in the universe; however, due to their very weak interactions with ordinary matter,
no direct detection has yet been achieved [2]. Several papers have discussed the possibility of
detecting cosmic neutrinos and their anisotropy [3, 4]. This will be tremendously challenging
and is unlikely to be achieved soon, but there is at present no fundamental impediment to
such detection.

Since there is anisotropy in the cosmic neutrino background (CvB) [5], it should ulti-
mately be possible to detect gravitational lensing of the cosmic neutrino background. As
we will show below, the non-zero mass of at least two neutrino types leads to several effects
that make the cosmic neutrino background and its gravitational lensing a unique source of
information on the growth of structure in the universe that can be used to probe the three-
dimensional structure of the universe and its time evolution, rather than the usual restriction
of being on the past light-cone.

Gravitational lensing of the CvB is similar to cosmic microwave background (CMB)
lensing [6] in many respects. We show below that there are several important differences
arising from the fact that neutrinos are massive [7, 8]. Although the individual masses of
neutrinos are so far unknown, we have constraints from several measurements [9] that suggest
that neutrino masses are expected to be in the range of several tens of meV, making the rest
mass energy of many of these neutrinos larger than their thermal energy.

Since neutrinos are massive, they must travel more slowly than light. The last scattering
surface (LSS) for massive neutrinos is, therefore, closer to us than the LSS for CMB photons,
by an amount that depends on the momentum of the neutrinos being measured and their
mass [10]. The background neutrinos passing through our detectors today are physically
sourced from a different three-dimensional location in space than the background photons.
In the absence of gravitational deflections, those locations simply correspond to different
physical locations along a single line of sight, depending on the mass and momentum of each
neutrino. Furthermore, they pass through the intervening structures in the universe at a time
that depends on neutrino mass and momentum, allowing neutrinos of different momenta to
track the time evolution of individual structures. Finally, the amount of deflection also
depends on the neutrino mass and momentum, allowing the same lens to be probed at a
variety of impact parameters, all using neutrinos from the big bang.

In total, this presents a remarkable cache of information: the three-dimensional grav-
itational potential of the observable universe as a movie, limited only by causality and the
poor prospects for imminent detection.



In this work, we will focus on the simple case of strong lensing [11], as it captures many
of the important physical effects, and we use a thin lens approximation, as is often done for
photons. For all the calculations in this paper, we assume a flat ACDM expansion history
and use Planck15 [12] for all cosmological parameters (Hy = 67.7km/s/Mpc , Q,, = 0.307).
The neutrino background temperature today is T, = 1.95K = 1.68 x 10~%eV.

2 Lensing properties of massive cosmic neutrinos

Massless neutrinos would follow the same lensing equations as photons, as would sufficiently
energetic neutrinos. For photons passing a point mass gravitational lens, the Einstein radius

is given by Hg?; =,/ 4€QM DDS LDSL, where Dg is the comoving distance from observer to the

source (surface of last scattering), Dy is the comoving distance from observer to the lens,

and Drg is the distance between lens and source. For a singular isothermal sphere (SIS)
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the lens galaxy.

For massive neutrinos, there are several differences from the massless case. First, the
massive neutrinos no longer propagate at the speed of light c. Instead, they propagate with
a time-varying velocity. We define the neutrino momentum today as pg; the momentum of
neutrinos at earlier times, when the scale factor of the universe relative to today is a(t),
follows a x p(a) = po.

The momentum distribution of cosmic neutrinos follows a Fermi-Dirac distribution that
is established in the first seconds after the big bang, when cosmic neutrinos were still ultra-
relativistic. We can therefore follow previous work [10], assuming zero chemical potential and
no additional heating from electron-positron annihilation [13], to determine the momentum
probability distribution:

, where o, represents the velocity dispersion of
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(2.1)

where kp is the Boltzmann constant. The neutrino speed today is related to its momentum
today as pg = vomuvg. The reshifted velocity can then be expressed as a function of scale

factor a and vy.
Vo
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For a neutrino of a particular mass and momentum today, we define the velocity of

the neutrino as it passes through a lens when the universe has a particular scale factor as

Vlens(@). For a neutrino with that speed, the angle of deflection as it passes a mass distribution
would be [14]

v(a) = (2.2)

AGM(R) 2+ 2,
o(R) = Rc? 21}12 ’

(2.3)

where a(R) represents the angle of deflection of a neutrino that passes a distance R from
the center of mass, and M (R) represents the mass interior to that radius. While very large
angles of bending angle would require ray tracing simulations, we focus here on deflections
that are still degree-scale rather than radian-scale. This is the Born approximation, and it
definitely breaks down when the incoming neutrino is nearly bound. The deflections here are
large compared to the case of photons, but for typical cosmic neutrinos they are still a small
fraction of a radian. Hence, the thin lens approximation could give us first order estimation



about the Einstein Radius. Using the lens equation [15] , we can get the Einstein radius for
a point mass:

1
P _ 4GM <02 + v?ens> Drs |2 (2.4)
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and for a singular isothermal sphere (SIS):
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Figure 1 shows the Einstein radii of SIS lenses at three selected distances Dy. There
are several important lensing properties for cosmic neutrinos.

Neutrinos within a given mass eigenstate have a momentum distribution following the
Fermi-Dirac distribution (equation (2.1)). Different momenta, even for the same mass, there-
fore correspond to different Einstein radii. Hence the neutrinos lensing could provide us rich
information about the lens potential.

Massive neutrinos can have a wide range in their distance of the surface of last scattering,
depending on their velocity today, and possibly very different from that of the CMB [10].
It is possible that a neutrino’s surface of last scattering could be closer than the physical
position of the gravitational lens (e.g. galaxy cluster), leading to a cutoff in lensing when
Dg = Dy.

Neutrinos propagate in mass eigenstates but they are observed in flavor eigenstates,
corresponding to a combination of the 3 different mass eigenstates described by the PMNS
matrix [16, 17]. When we observe the lensing pattern for cosmic neutrinos of fixed direction
and momentum in a particular flavor state, we are measuring a superposition of three mass
eigenstates. A fixed momentum will correspond to three possible velocities, leading to a
superposition of three different lensed neutrino maps, each corresponding to a different un-
lensed source plane and a different lookback time to the lens. If the masses and mixings are
known, it would be possible to take combinations of lensing maps constructed at different
momenta to get the time evolution of individual lenses. For unlensed lines of sight going
through the exact center of the halo, there would be three Einstein rings, corresponding to
the three mass eigenstates as shown in figure 2. Integrating over momenta, the thickness
of individual rings is related to the neutrino momentum distribution following Fermi-Dirac
statistics.

Only the lensing of the neutrino background fluctuations can be detected, as Liouville’s
theorem ensures that the mean flux is unchanged. The correlation structure of the intrinsi-
cally statistically isotropic fluctuations (i.e., there is no preferred orientation on the sky for
the fluctuations) is distorted by gravitational lensing. For example, the correlations along
the Einstein ring would be strongly oriented along the tangential direction, coming from
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Figure 1. Einstein radii of massive neutrinos passing through singular isothermal spheres (SIS) with
oy, = 1000km/s with Dy, = 100, 500, and 1000 Mpc. The velocity probability distribution follows
Fermi-Dirac distribution, we label three specific cases with m, = 0.1, 0.05, and 0.01eV. The smaller
the v, it would cause larger angle of deflection. However, it would also decrease the distance between
the lens and the surface of last scattering, hence decrease the delecting angle. For each lens position,
it would correspond to a certain vy that maximize the Einstein Ring.

the lensing of intrinsic fluctuations along the unlensed line of sight that have equal corre-
lations in all directions. Therefore, the lensing effect would look similar to figure 1 in [18].
The Einstein ring is a preferred place in the lensed image where the source-plane isotropic
correlations become ring-like in the image.

We ignore momentum shifts due to decaying or growing potentials (ISW effects) and
time delay effects that come from increased time of travel across gravitational potentials
leading to the surface of last scattering being at a shorter distance. These are important
effects for low-speed neutrinos that should be investigated in future work.

For visualization, we show the lensing of the neutrino background for neutrinos only
directly along the line of sight through the center of the lens, as these would have the most
dramatic distortion of their correlations, lensed to form Einstein Rings.

The lookback time is the age of the universe relative to today at which a cosmic event
occurred, and can be calculated from the scale factor of the universe when the neutrino
passed a location a distance Dy. Since neutrinos can travel with different velocities, the
lookback time to a lensing event at fixed distance Dy, for neutrinos with different velocities
can be different. Neutrinos pass the lens at different epochs for the lens. Figure 3 shows the
neutrino lookback time for different velocities today.

If the gravitational lens is evolving, neutrinos with different velocities could be used to
measure the time evolution. Dark matter halos grow as a function of cosmic time through
accretion and repeated mergers. Neutrinos with different velocities today passed through the
lens halo at different times. Therefore, they experienced different deflections due to the mass
evolution of the lens halo. In a SIS model, 9%18(1)0) o 02(aens), Where alens is a function
of Dy, and vy described in eq. (2.6). Neutrinos with larger momentum enter the lens halo
later; if the lens halo mass is growing with time, these neutrinos would experience deeper
potentials and hence have larger deflections.
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Figure 2. Lensed image for neutrinos detected as electron neutrinos originating from the line of
sight directly through the center of the lens, showing three Einstein rings. The relative fluxes of the
rings depend on mixing angles and neutrino hierarchy models: left shows the normal hierarchy, right
shows the inverted one, both assuming the lightest neutrino is massless. Here we assume masses of

neutrinos Am?, = 8 x 107%eV, Am3; = 2.32 x 1073 eV, and the lightest neutrino mass eigenstate is

10~°eV. We are plotting a particular momentum bin, which is the peak of the momentum distribution
described by the Fermi-Dirac distribution with the lens is placed at 500 Mpc away from the observer.
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Figure 3. Time (relative to today) that massive cosmic neutrinos pass through a gravitational lens
at distance Dy, for several different measured velocities today (in units of the speed of light). There
is a cutoff when the lookback time approach the age of the universe, as D, approaches the surface of
last scattering Dg.



3 Discussion and conclusion

Gravitational lensing leads to a breaking of statistical isotropy; the correlations in the neu-
trino background will have spatial variations induced by lensing, exactly as happens for the
lensing of the CMB. The Einstein ring is the most eye-catching breaking of statistical isotropy
by lensing: the unlensed positive or negative fluctuation at a particular momentum will get
lensed into a complete annulus of positive or negative intensity relative to the cosmic mean.
There will be three such rings for each lens, corresponding to the three mass eigenstates.
Elsewhere in the image, the unlensed fluctuations will similarly have their correlations dis-
torted, but less dramatically. For simplicity, we focus on Einstein rings to understand the
information content of the lensing of the neutrino background. In general, something akin to
the quadratic estimator used for CMB lensing [18] could be used to extract information from
the weak lensing of the neutrino background. The Einstein radius is determined by the mass
enclosed in the region at the time when neutrinos at a given speed pass through the lens
potential. In this work, we assume the lens potential to be constant for simplicity and focus
on the splitting of mass eigenstates for the Einstein rings. Understanding the time evolution
of the lens potential and its connection with neutrino lensing will be an interesting extension
in future work.

Using neutrinos of a single mass, one could imagine the following program to map
out a structure at some fixed distance: mapping the gravitational lensing effects at a fixed
momentum (which corresponds for a single mass eigenstate to a particular velocity today)
to map the spatial variation of the lens potential, while repeating this at various measured
momenta to obtain the time evolution of the lens. The three mass eigenstates lead to three
superposed independent versions of this program. While lensing studies with photons give
the state of the lens only at a single moment in time, neutrino lensing can reconstruct the
full time evolution of gravitational potentials inside the light cone.

Different momenta indeed came from a different radial distance and hence we would
probe a different region of the source. Hence, we present the result in individual momentum
bins. Averaging over momenta will mix together both the sources (from different line of sight
locations) and the lenses (at different times) in a complicated way.

Neutrino oscillations in the usual sense are not directly relevant in this case, as the mass
eigenstates, equally populated in the early universe, get dispersed along the line of sight by
their different propagation speeds. For neutrinos emitted from a single location in space, the
wave packets for each mass eigenstate will be widely separated today. In addition, the lens will
also act as a spectrometer, splitting the mass eigenstates in the angular direction. Therefore,
the probability to measure the lensing-induced correlations in particular flavor eigenstates
becomes deterministic. For example, at a given momentum and flavor there would be three
FEinstein Rings due to the three mass eigenstates, with the relative amplitudes of each ring
set by mixing angles, as shown in figure 2 .

Motion of the lens halos would also affect how neutrinos are deflected. In this paper,
we assume all the lenses are in a fixed co-moving frame. However, in reality the foreground
halos can have peculiar velocities and therefore induce a slingshot effect. At early time, the
neutrinos will be relativistic, so the effect would be small. At late times, neutrinos will have
larger deflections, possibly leading to larger changes in the momentum of neutrinos.

These lensing effects can only be seen using the anisotropies in the neutrino back-
ground [18-21]. Substantially complicating the interpretation will be the strong late-time
evolution of the neutrino fluctuations arising from the linear and non-linear integrated Sachs-



Wolfe effects [22]. This is an interesting but challenging project that we leave for future
investigations.

In summary, we have shown that gravitational lensing of the cosmic neutrino back-
ground is in principle an extremely rich source of information, containing the imprint of the
gravitational evolution of the entire three-dimensional universe within our causal horizon.
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